Let A be a ring, and let B be a finite A-algebra. If B is of the form w x Ž . A X , . . . , X r f , . . . , f then we say that B is a complete intersection over A.
We show that such an algebra is projective as an A-module and Gorenstein as an A-algebra. Under the condition that A is noetherian we show that the finite ww xx Ž . A -algebras of the form A X , . . . , X r g , . . . , g are exactly those complete denotes the largest ideal of A with respect to which A is complete. This ideal, which we call the completeness radical of A, satisfies the usual radical axioms.
INTRODUCTION
A finite algebra is a complete intersection if it can be given with the same number of generators and relations. To make this definition precise, one can use polynomial rings or power series rings. The main result of this paper identifies, over a noetherian base ring, the latter type of complete Ž Ž . . intersection as a subclass of the former see Theorem 1.3 .
Finite complete intersection algebras play a key role in Wiles's recent w x proof of Fermat's Last Theorem 10, Appendix . Wiles works in the power series setting, and his base ring is a complete discrete valuation ring. Two basic results in this context are that a finite complete intersection is projective as a module over the base ring, and that it has the Gorenstein Ž w x . property cf. 7, Lemma 1 . We prove, more generally, that the same results are valid in the polynomial setting, over an arbitrary base ring; see Ž . Proposition 1.1 .
All rings and algebras in this article are assumed to be commutative with identity element. Let A be a ring, and let B be an A-algebra. Assume that B is a finite A-algebra, i.e., that B is finitely generated as an A-module. We say that B is a complete intersection over A if there exist a non-negaw x tive integer n and f , . . . , f g A X , . . . , X such that B is isomorphic to
Ž . 
Ž .
1.1 PROPOSITION. Let A be a ring, let n be a non-negati¨e integer, and In order to identify which complete intersections over a noetherian ring A are power series complete intersections, one is led to consider the Ž . completeness radical cr A of A, which is defined as the largest A-ideal with respect to which A is complete. We will show in Section 3 that this Ž Ž . . Ž . ideal is well defined Theorem 3.1 . It is easy to see that cr A contains Ž . ' the nilradical nil A s 0 of A and that it is contained in the Jacobson Ž .
radical. Furthermore, it has the following properties, which are standard w x requirements in theories of radicals 5 .

PROPOSITION. If A is a noetherian ring and ᑾ is an A-ideal, then we ha¨e
Ž . Ž . ' 1 cr A s cr A ; Ž . Ž . Ž . Ž . Ž . 2 ᑾ ; cr A « cr Arᑾ s cr A rᑾ; Ž . Ž . Ž . 3 cr Arᑾ s 0 « cr A ; ᑾ.
Ž .
Ž This result is proved in Section 3. Note that 2 implies that cr Ar Ž .. cr A s 0.
Our main result, which we now formulate, identifies the class of power series complete intersections over a noetherian ring A as a certain subclass of the class of complete intersections over A. For any ring R we Ž . let R s Rrnil R . where A is a complete noetherian local ring. Then cr A is the maximal Ž . ideal of A, and 2 is equivalent to the condition that B, if non-zero, is local with the same residue field as A.
RING-THEORETIC PROPERTIES OF COMPLETE INTERSECTIONS
Ž . In this section we prove 1.1 . We first recall the definition of the Koszul complex.
Let R be a ring, and let M be an R-module. Let V s R n for a positive Ž . integer n, and let f s f , f , . . . , f g V. We define the Koszul complex
MrIM. Ž . We will use in the sequel that each H f, M is annihilated by I. To see We need one lemma about Koszul complexes, which can also be found w x in 3, Theorem 1.6.16 . We say that a sequence p , p , . . . , p in R is 1 2 n weakly M-regular if for all i with 1 F i F n multiplication by p on the
. . , f be a sequence in a ring R, and let M be an
For j s n this is trivial, and for j s 0 this is our lemma. We proceed by induction, decreasing j by 1 in each step. short exact sequence of R-modules
For each k we apply the functor Hom H V, ᎐ , which is exact because R H k V is a free R-module. Thus we get a short exact sequence of com-
Since the homology groups of K f, MЈ are annihilated by I and in particular by p , the long exact sequence of homology groups gives us short j exact sequences
Ž .
i 
Since R is free over A, tensoring with R over A preserves exactness.
Ž k . Subsequent application of the exact functors Hom H V, ᎐ then gives a R short exact sequence of complexes 
THE COMPLETENESS RADICAL
Ž . In this section we show that the completeness radical cr A is well Ž . defined, we prove 1.2 , and we determine the behavior of the completeness radical under finite flat extensions.
Throughout this section, A is a noetherian ring, M is a finitely generated A-module, and ᑾ and ᑿ are A-ideals. The ᑾ-adic completion M of M iŝ n defined to be the projective limit M s lim Mrᑾ M.
¤
There is a canonical map M ª M, and M is said to be ᑾ-complete if this map is an isomorphism. Since M is finitely generated and A iŝŽ noetherian, the completion M is canonically isomorphic to M m A see A w
x . 1, 10.13 . Completion of finitely generated A-modules preserves exactw x ness 1, 10.12 .
Ž .
THEOREM. Let A be a noetherian ring, and let M be a finitely generated A-module. Then there is a unique A-ideal ᒀ with the following property: if ᑾ is an A-ideal, then M is ᑾ-complete if and only if ᑾ is contained in ᒀ.
Ž .
Ž . In the case M s A we write cr A for the ideal ᒀ from Theorem 3.1 , Ž . and we call it the completeness radical of A. We begin the proof of 3.1 with a few lemmas.
is an exact sequence of A-modules. Then M is ᑾ-complete if and only if both MЈ and MЉ are ᑾ-complete.
Proof. Since A is noetherian and M is finitely generated, MЈ and MЉ are also finitely generated. We have a commutative diagram with exact rows:
By the snake lemma, f is an isomorphism if f Ј and f Љ are isomorphisms. Conversely, suppose that f is an isomorphism. Then Ker f Ј and Coker f Љ are zero, and Ker f Љ ( Coker f Ј. Every element y of Ker f Љ is annihilated Ž w x . by some element 1 q x with x g ᑾ see 1, 10.17 , and since Ker f Љ is finitely generated one can choose x independently of y. But 1 q x acts aŝŵ Ž .x a unit on every A-module 1, 10.15 iv , and in particular on MЈ, so 1 q x acts surjectively on Coker f Ј. This shows that Ker f Љ s Coker f Ј s 0. Proof. We first show by induction that Mrᑾ n M is ᑿ-complete for all n G 0. For n s 0 this is trivial. To make the induction step suppose that n G 1 and consider the exact sequence of A-modules
If ᑾ ny 1 is generated as an A-ideal by a , . . . , a , then there is a surjection
Mrᑾ M is ᑿ-complete, and by applying 3.2 to the sequence above we can make the induction step.
Ž .
n By 3.3 we know that Mrᑾ M has a compatible module structure over the ᑿ-completion of A. Then the projective limit of Mrᑾ n M has such a structure too. But this projective limit is M so M is ᑿ-complete. 
Ž .
Proof. Suppose that M is ᑾ-complete and ᑿ-complete. Then 3.2 Ž . implies that Mrᑾ M is also ᑿ-complete, and therefore ᑾ q ᑿ -complete.
Ž . Ž . By 3.4 we then see that M is ᑾ q ᑿ -complete.Ž . Conversely, let A be the ᑾ q ᑿ -completion of A and let A be thêᑾ -completion of A. We have canonical maps A ª A ª A, so a compatiblẽÂ -module structure induces a compatible A-module structure on M. If M Ž . Ž . is ᑾ q ᑿ -complete then one deduces with 3.3 that it is ᑾ-complete, and Ž . by symmetry it is ᑿ-complete as well. This shows 3.5 .
Proof of 3.1 . Take ᒀ to be the sum of all A-ideals ᑾ for which M is Ž . ᑾ-complete. It follows from 3.5 that ᒀ has the stated property, since A is Ž . noetherian and M is 0 -complete.
The proof depends on a lemma. Let, as before, M be a finitely generated A-module, and let b be an A-endomorphism of M. We say that M is b-complete if the natural map M ª lim Mrb n M is an isomorphism; ¤ Ž . w x or, equivalently, if it is X -complete as an A X -module, with X acting as b.
Ž . that we showed that a complete intersection satisfying condition 2 can be written as a power series complete intersection with the same number of generators.Ŵ e now show ''only if.'' Suppose that f , . . . , f g R are such that
